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Recently there has been revived interest in quotient rings and orders. The 
results of Goldie [6], [15] h ave nicely characterized orders in semisimple rings 
with minimum condition. Therefore, we think that it might be of interest to 
give simple necessary and sufficient conditions on a ring for it to be an order 
in a quasi-Frobenius (QF) ring. In this paper we shall give such conditions. 
For the sake of completeness, the following definitions are in order: 
DEFINITION 1. If R is a subring of a ring Q, R is a left order in Q (and Q 
is a left quotient ring of R provided: 
(1) If b is a nonzero divisor in R (called a regular element of R) then b 
has a two-sided inverse b-l EQ 
(2) Every element 4 EQ is of the form q = b-la for a, b E R and b 
regular in R.) 
The following condition first given by Ore is both necessary and sufficient 
for R to have a left quotient ring Q: 
For a, b E R with b regular, there exists a, , b, E R with br regular such that 
b,a = qb. 
Remark. Ore’s condition allows one to prove the following property for 
left quotient rings: If by1 *** a;1 are the inverses in Q of regular elements 
bd E R, then there exists b, regular in R such that b&l E R for i = 1 a** n. 
By induction one can assume the existence of b; such that b&’ E R 
for i = 1 *** ft - 1. Then using Ore’s condition, b$;l can be written in the 
form C-U for c (and d) regular in R. It follows that cbs = b,, is the desired 
element. We shall use this remark several times in the paper. 
DEFINITION 2. A ring R is called a left Goldie ring if 
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(1) R contains no infinite direct sum of left ideals, 
(2) R has the ascending chain condition on left annihilators. 
A left annihilator Z(X) is a set of the form Z(X) = {r 1 r E R, rX = 0} for 
some subset X of R. 
Goldie’s theorem [6] states that an order in a semisimple ring with mini- 
mum condition is a Goldie ring without nilpotent ideals, and conversely, 
such a ring always possesses a quotient ring which is semisimple and has 
minimum condition. 
In this paper we shall be concerned with a class of rings somewhat more 
general than semisimple rings with minimum condition. 
DEFINITION 3. A ring Q is a QF ring provided 
(1) Q has minimum condition on left ideals and on right ideals 
(2) For each left ideal L, L = Z(r(L)) and f or each right ideal D = r(Z(D)) 
where r(X) = {y 1 Xy = 0} is the right annihilator of the set X and Z(X) the 
left annihilator, 
The above is the original definition given by Nakayama [13], [Z4]. QF rings 
have been studied by many authors [Z], [3], [5], [7], [8], [IO]-[14], and have 
been characterized in many ways. For instance, DieudonnC [Z] has character- 
ized them as left and right Noetherian rings Q for which Homo (*, Q) = (a)* 
gives perfect duality. That is, (*)* is an exact contravariant functor on the 
category of finitely generated modules and (a) * * is naturally equivalent to the 
identity functor on finitely generated modules. 
Another characterization, given by Eilenberg and Nakayama [3], is the 
following: Q is QF if and only if Q has minimum condition on left ideals and 
Q is injective as a left module over itself (left self injective). Note that the 
original definition of QF is right-left symmetric, so the Eilenberg-Nakayama 
characterization has a right analog (minimum condition on right ideals and 
right self injective). 
In the following we shall deal only with left modules, with left quotient 
rings, and with left orders. We shall not assume that the ring R has an identity. 
This makes our results quite general, but it also complicates the proofs 
somewhat. We shall always assume that the ring R contains a regular element. 
This regular element can be used instead of the identity for some of the 
arguments. 
When we refer to a finitely generated R module, we mean a module of the 
form R @ *.* @R factored by some submodule. For rings with identity, 
this coincides with the usual definition, but it differs from the definition in 
terms of generators in the case R lacks an identity. An R module is cyclic 
if it is of the form R/L for some left ideal L of R. 
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DEFINITION 4. If  M is an R module, let 
T(M) = {m 1 there exists b regular in R such that bm = 0). 
When we are dealing with a ring R and its quotient ring Q, the operator T 
will always refer to R since regular elements of Q annihilate only 0 in Q 
modules. 
T(M) can be identified as follows. 
LEMMA 1. If R has a quotient ring Q then T(M) is the kernel of the map 
m+j(m)=l@mofMintoQ@RM. 
Proof. I f  there exists a regular element b such that bm = 0, it is clear that 
1 @ m = b-lb @ m = b-1 @ bm = 0 in Q @ M, therefore, T(M) C Kerj. 
Now suppose that 1 @ m = 0 in Q OR M; as usual we may think of 
Q OR M as the free Abelian group on Q x M factored by a subgroup of 
relations and 1 @ m = 0 implies 1 x m is in the relation group. This means 
that 1 x m can be written as a finite sum of things of the form b& x mi 
which are also in the relation group. By the remark following Ore’s condition, 
there exists b, regular in R such that b,,b;’ E R for each i. It follows that b0 x m 
is in the relation group generated by b,b,la, x mi, which implies that 
6, @ m = 0 in R OR M. But this latter group maps into M by b @ m -+ bm 
and it follows that born = 0. Consequently, m E T(M) and Ker j C T(M). 
We need the usual [2] concept of minimal injectives. If  M is an R module, 
then there exists an injective R module E(M) containing M as a submodule 
such that nonzero submodules of E(M) h ave nonzero intersection with M. 
This latter property means M is essential in E(M). 
E(M) is called the minimal injective of M and is unique up to isomorphism 
over the identity on M. See [4] and note the remark (in [q) that the construc- 
tion of E(M) doesn’t require that R have an identity. Of particular importance 
in the following is E(R) the minimal injective of R considered as a left R 
module. 
Finally, we need a class of rings somewhat more restrictive than Goldie 
rings. If  M is an R-module, a left M-annihilator is a left ideal of the form 
where X is a subset of M. 
DEFINITION 5. We shall say that R is a Solid Goldie ring if it satisfies 
the following conditions: 
(1) R contains no infinite direct sum of left ideals; 
(2) R has the ascending chain condition on left E(R)-annihilators. 
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It is clear that a Solid Goldie ring is a Goldie ring since R _C E(R). However, 
we do not know if all Goldie rings are Solid Goldie. 
We can now state our main theorem. 
THEOREM 1. If R is a kjt order in a QF ring Q, then 
(1) R is a kjt Solid Goldie ring, 
(2) WWR) = WW 
(3) ;f M is a finitely generated (or cyclic) R-module such that T(M) = 0, 
then E(M) C (E(R))“. 
Conversely, a7 R satisfied conditions 1,2, and 3, then R hus a left quotient ring 
Q which is QF. 
proof. Let us assume that R is a left order in the QF ring Q. Since Q has 
minimum condition on left ideals, it follows from [6] that R is Goldie. 
To show condition (2), it is sufficient to show that E(R) = Q, for then the 
definition of a quotient ring implies that T(Q/R) = Q/R. In addition to 
condition (2), this also shows that R is Solid Goldie because Q, hence R, has 
the ascending chain conditions on Q annihilators. 
First, let b-la be a nonzero element of Q. Then a = bb-la is a nonzero 
element of R. So the R submodule generated by b-la has nonzero inter- 
section with R. That is, R is essential in Q. To show that Q is left R-injective, 
it is sufficient to show that if B Z A are R modules and j : B + Q is an 
R monomorphism, then j can be extended to j’ : A + Q. This follows from 
the fact that we can always shift from j to the induced monomorphism 
f : B/(Ker j) -+ Q. 
If j : B -+ Q is a monomorphism, we can conclude that 
T(B) = T (Im j) = 0. 
For if T (Im j) # 0, then T (Im j) n R # 0. However, there are no elements 
of R annihilated by regular elements. 
We know by Lemma 1 that T(B) is the kernel of the map B +Q OR B. 





jl 1 1W 
A-+Q@A, 
R 
where exactness of the right-hand column comes from the exactness of the 
functor Q @R . 
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The R homomorphism f : B + Q induces a Q homomorphism 
1Of:QOB+Q&Q and we can identify Q @n Q with Q as 
a left Q-module (by noting that the regular element ,b annihilates 
b-l @ c-V - 1 @ b-4-V so x @ y ++ 1 @ xy gives the desired identifica- 
tion). 
Finally, we observe that 1 @f extends to a Q homomorphism f of Q @ A 
into Q because Q is left self-injective. This gives an R-homomorphism f’ 
of A/T(A) (hence of A) into Q via the map 0 --t A/T(A) --t Q @ A. We see 
that f' is the desired extension off by changing around the diagram given 
above. 
The above argument shows that Q = E(R) and since we are assuming R 
is a left order in Q, condition (2) follows immediately. 
Now we consider condition (3). If M is finitely R-generated, then 
Rn + M -+ 0 is exact (or if M cyclic R + M---t 0 is exact). It follows that 
(QORV’-+QORM+O is exact (or Q @R-+Q @ M-to) so that 
Q & M is a finitely generated Q module. Since Q is QF and Homo (0 Q) 
gives a perfect duality, we can conclude that Homo (Q OR M, Q) is a finitely 
generated right Q module. Equivalently, there exist 
such that nL1 Ker fd = 0 (thesef’s are the generators of Homo (Q & M, Q). 
These Q-homomorphisms are also R-homomorphisms. If we also assume 
T(M) = 0, we can regard M as an R-submodule of Q & M. Then the R 
homomorphisms { fi ] M} also have the property that n&1 Kerf( 1 M = 0. 
This gives an embedding 0 -+ Mft Q where [f (m)lt = fi(m). It follows 
that E(M) C Q = (E(R))+ which is condition (3). 
We now proceed with the converse part of the proof. It is clear from the 
first part of the proof that we must make E(R) into the quotient ring of R. 
We shall prove that if R satisfies condition (2) and has no infinite direct sum 
of left ideals, then E(R) becomes a left self-injective ring with R as subring 
in such a way that the left R-module structure E(R) possesses at the beginning 
coincides with the action of the subring R on E(R) after E(R) is endowed with 
a ring structure. 
We first show 
Horn (T , E(R)) = 0. 
R 
If there exists 
f EHzm F , E(R)) 
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such that Imf # 0, then Imf n R # 0 [R is essential in E(R)]. But every 
element of Im f  is annihilated by a regular element of R since every element 
of E(R)/R is so annihilated (condition 2) and this property is inherited by 
homomorphic images. However, only zero in R is annihilated by regular 
elements, so we conclude 
Horn (q , E(R)) = 0. 
R 
Now form the exact sequence 
and apply HomR (a, E(R)) to it to obtain 
(*I 0 - HomR (E(R), E(R)) -+ Homa (R, E(R)) - 0 exact. 
The first zero comes from Horn, (E(R)/R, E(R)) = 0 and the second from 
the fact that E(R) is R injective. 
If  R has an identity, we use the standard identification 
E(R) - HOmR (R E(R)) 
and the isomorphism (*) shows that E(R) can be given a ring structure in a 
natural way. 
In the following, we show that if R has a regular element b (as we have 
assumed) then we can still give E(R) a ring structure via the isomorphism (*). 
Let b be the regular element, the R homomorphism r + rb of R into E(R) 
has a unique extension to an R endomorphism &, of E(R) by the isomorphism 
(*). For notational reasons we write these on the right: x -+ (x) & . First 
note that &, is a monomorphism, for if it had nonzero kernel, its restriction 
to R would have nonzero kernel [R is essential in E(R)]. But its restriction 
to R is multiplication by the regular element b. 
If  & is not an epimorphism, then we may write E(R) = Im &, @ X1 , 
since Im&, s E(R) is injective. But by induction we can build an infinite 
sequence of independent submodules Xi = (X,-J & . These would have 
nonzero intersection with R and would still be independent. Then R would 
contain an infinite direct sum of left ideals contrary to the assumption that R 
is a Solid Goldie ring. Thus we have shown that & is an automorphism of 
E(R) and has an inverse (&J-l. 
Now choose the unique e, E E(R) such that (e,) & = b E R. Note that if R 
had an identity 1 to start, then e, = 1. In any case, we can use e, to identify 
E(R) with HOmR (E(R), E(R)), thereby giving it a ring structure. 
ON ORDERS IN QUASI-FROBENIUS RINGS 41 
The map Y + re, has a unique extension to an endomorphism of E(R) 
which we shall call $i . Now form & o &, and apply to 
y E R((y) $1) +b = (3) +b = &> 6 = yb. 
That is, +r o &, coincides with & on R and since they both have unique exten- 
sions to endomorphisms of E(R), we conclude & o &, = &, and since #* 
is invertable $r = identity on E(R). It follows that re, = Y for all Y E R so 
e, acts like identity on the right of R. 
Starting with e E E(R) induce a unique $e by Y --+ re. The claim is that 
e = (e,) 4, . For, since re = (Y) +e = (ye,) #8 = r(e,) $e , it follows that 
r(e - (e,)+,) = 0’ f or all r E R. Then the additive group generated by 
e - (ei) 4, is a left R submodule having intersection zero with R (R has 
regular elements so the intersection being annihilated by R must be only zero). 
However, R is essential in E(R) so that e - (e,) $, = 0. Thus it follows 
e - A +-+ (ed A is a one-to-one correspondence between E(R) and 
HOW P(R), -W)). W e now write e,e, for the image of e, under the unique 
endomorphism which is the extension of Y -+ re, and we see that the induced 
ring structure on E(R) coincides with the already-given R-module structure 
of E(R) and R is a subring of E(R). 
From now on we designate E(R) with that ring structure as Q. We check 
to see that Q is a left quotient ring of R. If b is regular in R we have already 
shown that Y + rb induces an automorphism C& of E(R) so 4,’ exists and 
(e,) $;l = q in Q is the inverse of b in Q. Finally, for each q E Q there is b 
regular in R such that bq = a E R [this is exactly condition (2)]. It follows 
that q = b-la, and we have shown that Q is a left quotient for R. 
Since Q is a ring with identity, Q is left self-injective if and only if every Q 
homomorphism of a Q left ideal into Q is caused by a right multiplication by 
an element of Q. But such a Q homomorphism is an R homomorphism which 
extends to an R endomorphism of Q because Q is R left injective. But by the 
structure of Q the R endomorphisms of it are caused by right multiplication. 
Therefore, Q is left self-injective. 
To complete the proof of the theorem, we must show that Q has minimum 
condition on left ideals. In the following, we shall first show that Q has the 
ascending chain condition using the “Solid” part of the Solid Goldie condi- 
tion. 
Following that, we shall use condition (3) and a recent theorem of Faith 
and Walker [5] to show that Q actually has minimum condition on left 
ideals. 
Let X be a left ideal of Q and form L = R n X a left ideal of R. We claim 
that T(R/L) = 0, for if x E R and bx EL with b regular, then x = b-%x E X 
and x EL. By condition (3) E(R/L) C (E(R))” = Q” and there exist a finite 
set fi a.. fn E Horn, (R, Q) such that L = (& Ker fd . Each fi has a unique 
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extension ft E HomR (Q, Q) and h ere it is determined by &I) = b,‘u. It 
follows that L = {r 1 rb& = 0 i = 1 *** n} and L is a left Q annihilator. 
By the assumption that R is Solid Goldie, R has the ascending chain condition 
on left ideals of the form X n R, X a left ideal of Q. However, since two left 
ideals X, Y of Q are equal if and only if X n R = Y n R, it follows that Q 
has the ascending claim condition on left ideals. 
We now use the following theorem of Faith and Walker proved in [5]: If Q 
has the ascending chain condition on left ideals and if every cyclic Q module 
has a finitely generated minimal injective, then Q has minimum condition 
on left ideals. In the light of this theorem our proof will be complete if we 
can show that for a left ideal X of Q, E&Q/X) C Q” (here we are using E, to 
designate the minimal Q injective containing Q/X, but it turns out also to 
the minimal R injective). 
Now let X be a left ideal of Q, L = X n R, and form 0 -+ R/L + Q/X 
an exact sequence of R modules. Note that R/L is essential in Q/X because R 
is essential in Q and distinct left ideals of Q have distinct intersections with R. 
By condition (3) we have the following diagram: 
0 
t 
0 - R/L -,Q/X 
1 
/’ 
Q” / Y 
and the dotted arrowpcan be filled in because Q is R injective. We claim that 
Jis a monomorphism for if it had kernel then f would have kernel because 
R/L is essential in Q/X. Finally, althoughfis only an R monomorphism, it is 
also a Q monomorphism. This follows from the fact that R homomorphisms 
between Q modules, Q a quotient ring of R, are always Q homomorphisms. 
Having embedded Q/X in Q” we can conclude that E(Q/X) is a direct 
summand of Q” and is therefore finitely generated. This completes the proof 
of the theorem. 
We remark that one should not think of this theorem as a generalization 
of Goldie’s theorem or its proof, for two reasons. First, we could only prove 
it for Solid Goldie rings, not for Goldie rings in general. In the second place, 
the theorem of Faith and Walker cited in the course of the proof uses the 
original Goldie theorem for its proof. 
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